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შესავალი 
geofizikuri dinebebis aRmweri Carni-obuxovisa da misi analogiuri, magnitur velSi 

moTavსebuli laboratoriuli plazmuri SeSfoTebebis gavrcelebis amsaxveli, hasegava-
mimas arawrfivi gantolebebis (ix. [4], [6], [14], [16]) fizikuri kuTxiT Seswavla 
intensiurad daiwyo gasuli saukunis 80_iani wlebidan (ix. [2], [3], [5-7], [9-15], [17], [20], [21]). 

ramdenadac CvenTvis cnobilia, es gantolebebi maTematikuri kuTxiT naklebad aris 
Seswavlili. ar aris cnobili am gantolebisaTvis sawyis-sasazRvro amocanis amonaxsnis 
arsebobis Teoremebi. ar aris aseve damtkicebuli amonaxsnis erTaderTobis Teorema. 
Tumca isic unda iTqvas, rom amonaxsnis erTaderToba martivad mtkicdeba standartuli 
gziT da ar moiTxovs did Zalisxmevas.  

rac Seexeba Carni-obuxovis gantolebisaTvis sawyis-sasazRvro amocanis miaxloebiTi 

amoxsnis sakiTxs, aq ricxviTi eqsperimentis TvalsaზriსiT mniSvnelovani nabijia 
gadagmuli (ix. [2], [3], [7], [9-15], [21]). unda aRiniSnos, rom ricxviTi gaTvlisTvis 
ZiriTadad mimarTaven laqs-vendrofis tipis cxad sqemebs (ix. mag. [19]). iakobianis 

aproqsimaciisTvis iyeneben [1] naSromSi SemoTavazebul sqemebs. rogorc cnobilia, 
arawrfivi amocanebisaTvis cxadi sqemebis mdgradobis maragi mcirea, amitom arawrfivi 
amocanebis ricxviTi gaTvlisTvis mizanSewonilad migvaCnia aracxadi sqemebis gamoyeneba, 
romelTa mdgradobis maragi sakmaod maRalia. SevniSnoT, rom es aracxadi sxvaobiani 
sqema miiReba winamdebare naSromSi ganxiluli pirveli rigis naxevrad diskretuli 

sqemidan, Tu sivrciTi koოrdinatebis mixedviT warmoebulebs SevcvliT centraluri 
sxvaobebiT.  

kargad aris cnobili is faqti, rom praqtikuli amocanis ricxviTi amoxsnis meTodi 
sruliad misaRebia gamoyenebiTi dargis specialistebisaTvis, Tu ricxviTi eqsperimentis 
Sedegebi TanxmobaSia realur eqsperimentTan da naklebad sainteresoa maTTvis TviT 
meTodis dafuZnebis sakiTxi. swored aseTi mdgomareobaa am SemTxvevaSi. TiTqmis ar 
gvxdeba naSromi, romelic exeba Carni-obuxovis gantolebisaTvis sawyis-sasazRvro 
amocanis ricxviT amoxsnis meTodis dafuZnebas. es gamowveulia imiT, rom Carni-obuxovis 
gantoleba ar miekuTneba, romelime klasikur tips. is erTi SexedviT axlos aris 
parabolurTan, magram gamokveTili elifsuri nawili (Tundac arawrfivi) ar gvaqvs. 

arawrfivi nawili sivrciTi koოrdinatis mixedviT aq warmodgenilia iakobianis saxiT, 
romelsac fizikosebi uwodeben veqtorul arawrfivobas.  
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თავი 1. ერთადერთობის თეორემა და ნახევრადდისკრეტული სქემა ჩარნი-

ობუხოვის განტოლებისათვის 

                       

              1.1 ამოცანის დასმა და ნახევრად დისკრეტული სქემა                
 

uganzomilebo cvladebSi Carni-obuxovis arawrfivi gantoleba OX  RerZis gaswvriv 
v  siCqariT moZrav koordinatTa sistemaSi Caiwereba Semdegi saxiT (ix. [1-4]): 
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+sadac   da   dadebiTi mudmivebia, romlebic ganisazRvrebian garemos fizikuri 

maxasiaTeblebis saSualebiT. ),,( tyx -s uwodeben denis funqcias. ),(  J  aris 

iakobiani, 
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cxadia (1.1) gantoleba ekvivalenturia sistemis: 
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 (1.2), (1.3) sistemas vixilavT [;0]),,( TQtyx T   cilindrul areSi, sadac   aris 

erTeulovani kvadrati: [1;0][1;0]  . SevniSnoT, rom ),,( tyxW  funqcias uwodeben 

grigals.  
davsvaT Semdegi sawyis-sasazRvro amocana: 
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SemoviRoT droiTi biji nT ( 1n  naturaluri ricxvia). (1.2) gantoleba ),,( ktyx  

wertilSi, sadac ktk   ),...,2,1( nk  , CavweroT Semdegi saxiT: 
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sadac ),,(),( kk tyxWyxW  ,  ),,(),( kk tyxyx    da 
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    cxadia amonaxsnTa sakmarisad gluv klasSi ),( yxRk  naSTiTi wevri aris )(O rigis. 

kerZod, Tu )()(),( 1,12,1

TT QCQCW   da amasTan uwyvetia Sereuli warmoebulebi 
tx

 2
 da 

ty

 2
, maSin marTebulia Sefaseba: 
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   Tu (1.8)-Si gadavagdebT ),( yxRk  naSTiT wevrs da miRebul gantolebas gavaerTianebT 

(1.3) gantolebasTan, miviRebT Semdeg sistemas:  
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~~~ nkWkkk                                           (1.11)  

 sadac ),(
~

yxWk  da ),(~ yxk  funqciebi akmayofileben (1.5)-(1.7) periodul sasazRvro 

pirobebs; ),(~
0 yx  mocemuli funqciaa.  

 bunebrivia (1.10), (1.11) sistemis )),(~);,(
~

( yxyxW kk   amonaxsni gamovacxadoT (1.2)-(1.7) 

uwyveti amocanis zusti amonaxsnis )),,();,,(( tyxtyxW  -is miaxloebiT mniSvnelobad ktt   

wertilSi,  )),(~);,(
~

()),,();,,(( yxyxWtyxtyxW kkkk   . 

 amrigad (1.2)-(1.7) arawrfivi amocanis amoxsna Cven daviyvaneT (1.10), (1.11) wrfivi 

sistemis amoxsnaze (cxadia (1.10) gantoleba lokalurad wrfivia yovel ktt   wertilSi).  

 amoxsnis sqema aseTia: 1k -Tvis, viciT ra ),(~
0 yx  da ),(

~
0 yxW  (1.10) wrfivi 

gantolebidan vpoulobT ),(
~

1 yxW . (1.11) gantolebidan ),(
~

1 yxW -is saSualebiT vpoulobT 

),(~
1 yx . 2k -Tvis, ),(~

1 yx  da ),(
~

1 yxW  vsvamT (1.10)-Si da vpoulobT ),(
~

2 yxW . Semdeg misi 

saSualebiT (1.11)-dan vpoulobT ),(~
2 yx  da a. S.  

 (1.2)-(1.7) arawrfivi amocanis amoxsnis sqemas, romelic moicema (1.10), (1.11) sistemis 
saSualebiT, Cven vuwodebT naxevraddiskretul sqemas (rogorc es miRebulia),  radgan is 
miiReba (1.2)-(1.7) uwyveti amocanis erTerTi cvladis (kerZod droiTi cvladis) mixedviT 
diskretizaciis Sedegad.  
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1.2  სხვაობიანი სქემის ამონახსნის თანაბარი შემოსაზღვრულობა 
 

  vTqvaT (1.10), (1.11) sistemis amonaxsni )()()),();,(
~

( 21  CCyxyxW kk  . 

adgili aqvs Semdeg Teoremas. 
Teorema 1. marTebulia Semdegi Sefasebebi: 
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vaCvenoT, rom marTebulia toloba (qvemoT, simartivisTvis kW
~

 da k~  nacvlad 

davwerT W
~
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sadac W
~
 da ~  akmaayofileben (1.5)-(1.7) periodul sasazRvro pirobebs. 

marTlac gvaqvs:   
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aq Cven gamoviyeneT pirobebi: 
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romlebic gamomdinareobs (1.6) sasazRvro pirobebidan. 
 cxadia (1.14)-dan (1.15) da (1.16)-is gaTvaliswinebiT gamomdinareobs: 
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aqedan Svarcis utolobis Tanaxmad gvaqvs: 
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rogorc cnobilia, Tu (1.11) gantolebis  orive mxares gavamravlebT ~ -ze da 

vaintegrebT   areze, amasTan gamoviyenebT nawilobiTi integrebis formulas da 

gaviTvaliswinebT rom ~  funqcia akmayofilebs periodul sasazRvro pirobebs, maSin 

miviRebT (ix. mag. [18]): 
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






.~~~

~~
2

22

dxdyWdxdydxdy
yx




                 (1.18) 

Svarcis utolobisa da  -utolobis Tanaxmad gvaqvs: 
 

           .~~1

2

1~~~~ 222

2

2
1

2

2
1

2










































 



dxdydxdyWdxdydxdyWdxdyW 


         (1.19) 

 

SevarCioT 0 , ise rom Sesruldes piroba: 
 

                                    0
2

1 2

0   , 

  
maSin (1.18)-dan (1.19)-is gaTvaliswinebiT gamomdinareobs: 
 

                   .0,
~~

~~

0

2

0

2

0

22












































constcdxdyWcdxdydxdy
yx




      (1.20)  

 
(1.17)-dan (1.20)-is gaTvaliswinebiT gamomdinareobs: 
 

.0,
~

)1(
~

1   constcWcW kk   

 
aqedan ki cxadia gamomdinareobs (1.12) Sefaseba. Sefaseba (1.13) gamomdinareobs (1.20)-dan 
(1.12)-is gaTvaliswinebiT.  
     SeniSvna 1. marTebulia Sefaseba: 
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                                     ,0,
~~ )2(

2
 constcWc kk                       (1.21) 

 

sadac 
)2(

2
 aris norma sobolevis )(2

2 W  sivrceSi. 

 marTlac, gvaqvs (qvemoT, simartivisTvis kW
~

 da k~  nacvlad davwerT W
~
 da ~ ): 

               

                      


dxdydxdyW )~~)~(2)~[()~~(
~ 2222

2

   

               .~
~

2
~

2
~~

2
~~

22

22

2

2

2

2
2

2

2
2

2

2


 










































































 dxdy

yxyxyx









        (1.22) 

 
(1.6) da (1.7) pirobebis Tanaxmad gvaqvs: 
               

                   

.
~~~~

~~~~~~~~

2
2

2
22

2

3

2

3

2

2

2

2

2

2
































































































































dxdy
yx

dxdy
yxyxxy

dxdy
yxx

dxdy
yxxyxx

dxdy
yx





 

 
 am tolobis gaTvaliswinebiT (1.22)-dan gamomdinareobs (1.12).       
 SeniSvna 2. (1.21) da (1.22) utolobebidan sobolevis Cadgmis Teoremis  Tanaxmad 
gamomdinareobs (ix. mag. [18]):  
  

                       .,,2,1,0,
~

)exp(),(~max 0
),(

nkconstcWctcyx kk
yx



         (1.23) 

 
 

 

 

 

 

 

 

1.3  მიახლოებითი ამონახსნის ცდომილების შეფასება 

 

 rogorc adre avRniSneT (1.10), (1.11) sistemis )~;
~

( kkW   amonaxsni gamovacxadeT (1.2)-(1.7) 

uwyveti amocanis zusti amonaxsnis );( W -is miaxloebiT mniSvnelobad ktt   wertilSi, 

)~;
~

();( kkkk WW   . cxadia cdomileba iqneba: )~;
~

( kkkk WW   .  

 adgili aqvs Semdeg Teoremas. 

 Teorema 2. vTqvaT (1.2)-(1.7) amocanis amonaxsni )()();( 1,22,1

TT QCQCW  , amasTan 

uwyvetia Sereuli warmoebulebi 
tx

 2
 da 

ty

 2
. maSin marTebulia Semdegi Sefasebebi: 
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                            ,)
~

)(exp(
~

00 cWWctWW kkk                      (1.24) 

              ,,,2,1,0,)
~

)(exp(~
00

)1(

2
nkconstccWWctc kkk       (1.25)                                                        

sadac 
)1(

2
 aris norma sobolevis )(1

2 W  sivrceSi, xolo  - )(2 L -Si. 

 damtkiceba. (1.8) da (1.10) tolobebidan gamomdinareobs:  
 

                  ,),(),(),~( 11

11 yxRWJuJ
x

u
v

x

uu
kkkkk

kkkk 













 





              (1.26) 

sadac  )~;
~

();( kkkkkk WWu   .    

  
     cxadia aseve, rom (1.3) da (1.11) tolobebidan gamomdinareobs: 
 

                                           kkk u                              (1.27)  

  

(1.26) tolobis orive mxare gavamravloT ku -ze da vaintegroT   areze, miviRebT: 

 

                          

.),()),,(()),,~((

,,),(

11

1
1

2

kkkkkkkk

k
k

k
k

kkk

uRuWJuuJ

u
x

u
vu

x
uuu










































                 (1.28) 

 
cxadia (1.15) da (1.16)-is analogiurad miiReba: 
 

                            0, 











k

k u
x

u
  da  .0)),,~(( 1  kkk uuJ      

am tolobebis gaTvaliswinebiT (1.28)-dan gamomdinareobs: 
 

                    .),()),,((,),( 1

1

1

2

kkkkkk
k

kkk uRuWJu
x

uuu 


 











 



        (1.29) 

 
aqedan Svarcis utolobis Tanaxmad gvaqvs: 
 

                    .)),,(( 1
1

1

2

kkkkkk
k

kkk uRuWJu
x

uuu 


 



 


            (1.30) 

cxadia marTebulia utoloba: 
                            

 


 dxdyuWJuWJ kkkkkk ),()),,(( 11   

                 ,11

1

11

 
 
























































 dxdyu

yx
cdxdyu

x

W

yy

W

x
k

kk
k

kkkk 
        (1.31)  

sadac   

                          .),,(,max,maxmax
),,(),,(

1 T
tyxtyx

Qtyx
y

W

x

W
c 





















  
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Svarcis utolobis Tanaxmad gvaqvs: 
 

                       .1111
k

kk
k

kk u
yx

dxdyu
yx 












































 








                   (1.32) 

 
(1.31)-dan (1.32)-is gaTvaliswinebiT gamomdinareobs: 
 

                            

.2

)),,((

2

2

1

2

12

1

2

2

112

1

2

1

k
kk

k
kk

kkk

u
yx

c

u
yx

cuWJ



























































                   (1.33) 

cxadia (1.27)-dan (1.20)-is analogiurad miiReba:  
 

             .0, 0

2

0

2

0

22












































constcdxdyucdxdydxdy
yx

kk
kk 


           (1.34) 

(1.33)-dan (1.34)-is gaTvaliswinebiT gamomdinareobs: 
 

                              .0,)),,(( 2

2

21  constcucuWJ kkkk                   (1.35) 

 
(1.30)-dan (1.34), (1.35) da (1.9)-is gaTvaliswinebiT gamomdinareobs: 
 

                         .)1( 22

210

2

kkkkk ucucuucu      

aqedan gvaqvs:      

                            ,,,2,1,2

1 nkuu kk                            (1.36) 

sadac 

                             .01,
1

,
1

1
2

22

0 






 







  c

c

c

c

c
 

(1.36)-dan gamomdinareobs: 
 

                              ).1( 12

0  

  kk

k uu                          (1.37) 

 

vTqvaT )2/(1 2c , maSin marTebulia utolobebi: 

  

                                ),(2,1 2033 cccc    

                                

.,
1

1

1
)1(

20

4
4

1

cc

c
c

c k
k

k

k











 
























 

 

am utolobebis gaTvaliswinebiT (1.37)-dan gamomdinareobs: 
 



8 

 

                                       ).()1( 403  cucu k

k   

 
aqedan ki cxadia gamomdinareobs (1.24) Sefaseba. Sefaseba (1.25) gamomdinareobs (1.34)-dan 
(1.24)-is gaTvaliswinebiT.  
 SeniSvna 3. marTebulia Sefaseba: 
 

                              ,)
~

)(exp(~
00

)2(

2
 cWWctc kkk                        (1.35) 

sadac 
)2(

2
 aris norma sobolevis )(2

2 W  sivrceSi. 

 marTlac, (2.10)-is analogiurad miiReba: 
 

                                      .
~~ )2(

2 kkkk WWc   

 
cxadia aqedan (3.1)-is gaTvaliswinebiT gamomdinareobs (1.35).  
 SeniSvna 4. (1.35)-dan sobolevis Cadgmis Teoremis  Tanaxmad gamomdinareobs Semdegi 
Sefaseba:   

                      .,,2,1,)
~

)(exp(),(~),(max 00
),(

nkcWWctcyxyx kkk
yx




    (1.36) 

 
                
                          
 

 

 

1.4 ერთადერთობის თეორემა 

   

Teorema 3. Tu (1.2)-(1.7), amocanis amonaxsni )()();( 0,21,1

TT QCQCW  , maSin is 

erTaderTia.  

damtkiceba. dauSvaT, rom (1.2)-(1.7) amocanas aqvs ori amonaxsni );( W  da )~;
~

( W , 

maSin wyvili );( u  sadac WWu
~

  ,  ~  daakmayofilebs Semdeg sistemas: 

      

                       ,0)
~

,(),( 













WJuJ

x

u
v

xt

u



                         (1.37) 

                      

                     .u                                                     (1.38) 
(1.37) gantolebis miRebisaTvis Cven gamoviyeneT Semdegi martivi formulebi: 
 

                           )
~

,(),()
~

,( WJWJWWJ    , 

                           )
~

,~()
~

,()
~

,~( WJWJWJ    . 

 

(1.37) gantolebis orive mxare gavamravloT u -ze da vaintegroT   areze , miviRebT: 
 

        .0)
~

,(),(
2

1

2

1 22


















udxdyWJudxdyuJdxdy
x

u
vudxdy

x
dxdy

t

u



    (1.39)  

 



9 

 

sasazRvro pirobebis gaTvaliswinebiT cxadia gvaqvs: 
 

               0)),,0(),,1((

1

0

22

1

0

21

0

2














dytyutyudx
x

u
dydxdy

x

u
.                    (1.40)  

 
(1.16)-is analogiurad gvaqvs: 
 

                                


 0),( udxdyuJ  .                                      (1.41) 

 
(1.39)-dan (1.40) da (1.41)-is gaTvaliswinebiT gamomdinareobs: 
 

                        0)
~

,(
2

1 2













udxdyWJudxdy
x

dxdy
t

u



 .                                    

cxadia aqedan ki gamomdinareobs utoloba: 
 

                     











dxdyuWJdxdyu

x
dxdy

t

u
)

~
,(

2

1 2




 .                         (1.42) 

 
(1.37) gantolebidan (1.20)-is analogiurad miiReba: 
 

          .0, 0

2

0

2

0

22












































constcdxdyucdxdydxdy
yx




            (1.43)  

SevafasoT (1.42) utolobis marjvena mxareSi Semavali meore integrali. Svarcis 
utolobis Tanaxmad gvaqvs: 

                          





















 



dxdyu
yx

cdxdyuWJ


 1)
~

,(     

                  ,
2

1

2

2
1

22
1

2

1 


















































































 



dxdyudxdy
y

dxdy
x

c


                (1.44)  

sadac  

                        .),,(,

~

max,

~

maxmax
),,(),,(

1 T
tyxtyx

Qtyx
y

W

x

W
c 






















                  

cxadia (1.44)-dan miiReba, rom 
 

                  .2)
~

,( 2

22

2

1

2

























































dxdyudxdy

yx
cdxdyuWJ


                   

 
aqedan (1.43)-is gaTvaliswinebiT gamomdinareobs: 
 

                     .0,)
~

,( 2

2

2  


constcdxdyucdxdyuWJ                     (1.45)  
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SevafasoT (1.42) utolobis marjvena mxareSi Semavali pirveli integrali. Svarcis 
utolobisa da (1.43) utolobis Tanaxmad gvaqvs: 

 

                 .2

3

2
1

2

2
1

2
















































dxdyucdxdyudxdy

x
dxdyu

x


                (1.46) 

 
(1.42)-dan (1.45) da (1.46)-is gaTvaliswinebiT gamomdinareobs: 
         

                           ,0,)(
)(

 constctcE
dt

tdE
                             (1.47)    

sadac  

                                           .)( 2




 dxdyutE   

 rogorc cnobilia (1.47)-dan gamomdinareobs:  
 

                                            .)0()( EetE ct                                  (1.48) 

radgan pirobis Tanaxmad 0)0( E , amitom (1.48)-dan gamomdinareobs: 

 

                                        .0)( 2




 dxdyutE  

aqedan ki gamomdinareobs rom 0),,( tyxu  an rac igivea  ),,(
~

),,( tyxWtyxW  . am igiveobis 

gaTvaliswinebiT (1.43) utolobidan gamomdinareobs:  0),,( tyx . 

amiT Teorema damtkicebulia. 
 
 

 

 

 

1.5 მეორე რიგის სიზუსტის ნახევრად დისკრეტული სქემა 

 
 ganvixiloT Semdegi saxis naxevraddiskretuli sqema:  
 

                   ,0))
~~

(,~(
2

1
~~

2

1~

2

~~

11

1111 


































kkk
kkkkk WWJ
x

W

x

W
v

x

WW






       (1.49)  

                              ,,...,2,1,
~~~ nkWkkk                               (1.50)  

 

sadac ),(
~

yxWk  da ),(~ yxk  funqciebi akmayofileben (1.5)-(1.7) periodul sasazRvro 

pirobebs; ),(~
0 yx  mocemuli funqciaa.  

 (1.49), (1.50) sqemasTan dakavSirebiT mizanSewonilad migvaCnia erTi SeniSvnis gakeTeba. 

 SeniSvna 5. bunebrivia ibadeba kiTxva: ra upiratesoba aqvs (1.49), (1.50) sqemas (1.10), 
(1.11) sqemasTan SedarebiT. ZiriTadi upiratesoba aris is, rom amonaxsnTa gluv klasSi 

(1.49), (1.50) sqemis aproqsimaciis rigi aris )( 2O , maSin, roca (1.10), (1.11) sqemis 

aproqsimaciis rigi aris )(O . meoris mxriv (1.10), (1.11) sqemas (1.49), (1.50) sqemasTan 
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SedarebiT is upiratesoba aqvs, rom igi aris orSriani da Tvlis dasawyebad saWiroebs 

erT sastartoo veqtors ),(
~

0 yxW  maSin, roca (1.49), (1.50) sqema ki saWiroebs  or sastarto 

veqtors ),(
~

0 yxW   da ),(
~

1 yxW .  sawyisi veqtori ),(
~

0 yxW  cxadia mocemulia 

( ),(),(
~

00 yxWyxW  ), xolo ),(
~

1 yxW -is gasagebad saWiroa ),,( yxW  funqciis  -s mimarT 

teiloris mwkrivad gaSlaSi SevinarCunoT meore wevris CaTvliT. pirveli wevri 

)0,,( yxW , rogorc avRniSneT, cnobilia, xolo meore wevrs (  mamravlis gareSe) 

)0,,( yxWt
 -s  vgebulobT gantolebidan )0,,( yxW  da )0,,( yx  funqciebis saSualebiT.       

 Teorema 4. marTebulia Semdegi Sefasebebi: 
 

                               ,~~
)exp(

~
011 WWctW kk                             (1.51) 

                      ,1,,2,1,0,
~~

)exp(~
01

)1(

21  nkconstcWWctc kk    (1.52)                                                        

 

sadac 
)1(

2
 aris norma sobolevis )(1

2 W  sivrceSi, xolo  - )(2 L -Si. 

 damtkiceba. (1.49) gantolebis orive mxare gavamravloT 11

~~
  kk WW -ze da vaintegroT 

  areze, miviRebT: 

               

.0)
~~

),
~~

,~((
2

1

~~
,

)
~~

(

2

1~~
,

~~~

1111

11
11

11

2

1

2

1












































kkkkk

kk
kk

kk
k

kk

WWWWJ

WW
x

WW
vWW

x
WW








      (1.53) 

(1.15)-is da (1.16)-is analogiurad nulis tolia (1.53) tolobis marcxena mxareSi Semavali 
meoTxe da mexuTe Sesakrebebi. amis gaTvaliswinebiT cxadia (1.53)-dan gamomdinareobs: 
 

                               .
~~

,
~

~~
11

2

1

2

1 












  kk

k
kk WW

x
WW


  

 
aqedan Svarcis utolobisa da (1.20) utolobis Tanaxmad gvaqvs: 
 

           

 

.
2

,
~~~

)1(

~~~~~~~~~

2

1

22

1

11

2

111

2

1

2

1















 











cWWcWc

WWWWWW
x

WW

kkk

kkkkkk
k

kk

 

cxadia aqedan gamomdinareobs Semdegi utoloba: 
 

                                   ,
~~~ 22

1

2

1 kkk WWW                                (1.54) 

sadac 

                             .01,
1

,
1

1








 







  c

c

c

c

c
      

Tu (1.54) utolobis orive mxares daumatebT 
2~

kW da gaviTvaliswinebT, rom   1 , 

maSin miviRebT:   
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                                 .
~~~~ 2

1

222

1 





   kkkk WWWW   

aqedan gamomdinareobs: 
 

                                   .
~~~~ 2

0

2

1

22

1 





  WWWW k

kk                         (1.55) 

Tu )2/(1 c , maSin (1.55)-dan gamomdinareobs: 

 

                             .4,
~~

)exp(
~~

1

2

0

2

11

22

1 ccWWtcWW kkk 





   

 
cxadia aqedan gamomdinareobs (1.51) Sefaseba. Sefaseba (1.52) gamomdinareobs (1.20)-dan (1.51)-
is gaTvaliswinebiT.  
 miaxloebiTi amonaxsnis cdomilebisTvis adgili aqvs Semdeg Teoremas. 

 Teorema 5. Tu (1.2)-(1.7) amocanis amonaxsni );( W  sakmarisad gluvia, maSin (1.49), (1.50) 

naxevraddiskretuli sqemisTvis marTebulia Semdegi Sefasebebi: 
 

                        ,~~
)exp(

~ 2

001111 cWWWWctWW kkk                (1.56) 

    ,1,,2,1,0,
~~

)exp(~ 2

0011

)1(

211   nkconstccWWWWctc kkk    (1.57)                                                        

sadac 
)1(

2
 aris norma sobolevis )(1

2 W  sivrceSi, xolo  - )(2 L -Si. 

 damtkiceba. vamtkicebT Teorema 2-is analogiurad, Tumca damtkicebis bolo etapi 
gansxvavebulia da saWiroebs gaSlilad Camoyalibebas. 

 cxadia miaxloebiTi amonaxsnis cdomileba )~;
~

();( kkkkkk WWu    akmayofilebs 

Semdeg sistemas:   
  

   ,),(),(
2

1
),~(

2

1)(

2

1

2
11111

1111 yxRWWJuuJ
x

uu
v

x

uu
kkkkkkk

kkkkk 













 





   (1.58)           

                                        ,kkk u                                (1.59) 

sadac ),( yxRk  naSTiTi wevrisTvis, amonaxsnTa gluv klasSi, marTebulia Sefaseba: 

   

                           .0,),(max 2

),(



constccyxRk

yx
                              (1.60) 

(1.58) tolobis orive mxare gavamravloT 11   kk uu -ze da vaintegroT   areze, miviRebT: 

 

                        

,)ˆ,(4)ˆ),ˆ,((4)ˆ),ˆ,~((4

ˆ,
ˆ

4ˆ,4

1

2

1

2

1

kkkkkkkk

k
k

k
k

kk

uRuWJuuJ

u
x

u
vu

x
uu








































              (1.61) 

sadac 

                                .
2

ˆ,
2

ˆ 1111  



 kk

k
kk

k

WW
W

uu
u  

(1.15)-is da (1.16)-is analogiurad nulis tolia (5.13) tolobis marcxena mxareSi Semavali 
meoTxe da mexuTe Sesakrebebi. amis gaTvaliswinebiT cxadia (1.61)-dan gamomdinareobs: 
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                   .)ˆ,(4)ˆ),ˆ,((4ˆ,4
2

1

2

1 kkkkkk
k

kk uRuWJu
x

uu 


 











          (1.62) 

aqedan Svarcis utolobis Tanaxmad gvaqvs: 
 

                     .ˆ4)ˆ),ˆ,((4ˆ4
2

1

2

1 kkkkkk
k

kk uRuWJu
x

uu 


 



          (1.63) 

cxadia marTebulia utoloba: 
 

                                 


dxdyuWJuWJ kkkkkk
ˆ)ˆ,()ˆ),ˆ,((   

                  ,ˆˆ
ˆˆ

1 
 























































 dxdyu

yx
cdxdyu

x

W

yy

W

x
k

kk
k

kkkk 
           (1.64)  

sadac   

                           .),,(,max,maxmax
),,(),,(

1 T
tyxtyx

Qtyx
y

W

x

W
c 





















  

Svarcis utolobis Tanaxmad gvaqvs: 
 

                              .ˆˆ
k

kk
k

kk u
yx

dxdyu
yx 

















































                  (1.65) 

 
(1.64)-dan (1.65)-is gaTvaliswinebiT gamomdinareobs: 
           

               .ˆ2ˆ)ˆ),ˆ,((
2

22

2

1

2

2

2

1

2

k
kk

k
kk

kkk u
yx

cu
yx

cuWJ
















































        (1.66)  

 
(1.66)-dan (1.34)-is gaTvaliswinebiT gamomdinareobs: 
 

                            .0,ˆ)ˆ),ˆ,(( 22  constcuucuWJ kkkkk                 (1.67) 

 
(1.63)-dan (1.34), (1.67) da (1.60)-is gaTvaliswinebiT gamomdinareobs: 
 

                   

 

   

   .)()(2

)(2

)(ˆ4

11

2

120120

2

1

2

2011

2

1

2

20

2

1

2

1













kkkkkkk

kkkk

kkkk

uucuuccuuccu

cuccuuu

cuccuuu







 

cxadia aqedan miiReba:  
     

                     

   
    .,

)1(

203

2/12

1

22/122

1

3

22

13

2

1

2

3

22

1

cccuuuuc

uucuucuu

kkkk

kkkkkk








 











          (1.68) 

SemoviRoT aRniSvna: 
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                                          .
2/12

1

2

 kkk uu  

maSin (1.68) miiRebs saxes 

                           ,1,,2,1,)( 1

322

1   nkkkkk                   (1.69)                                             

sadac 

                            .01,
1

,
1

1
3

33

3 






 







  c

c

c

c

c
 

(1.69)-dan gamomdinareobs: 
 

                     .))()()(( 1121

132

1

2

1 



  kkkk

kk

k         (1.70)  

 
aqedan gamomdinareobs Semdegi utoloba: 
 

                               .)1(2 13

11  

   kk

k                     (1.71) 

marTlac, vTqvaT 

                                            .max 1
1

1 


  i
ki

j         

maSin (1.70)-dan gvaqvs:   

              

.)1(2 13

1

1

1

111

1

1

2

1

113

1

1

1
1









































































































































jj

j

j

j

j

j

j

j

j

jj

j

j

j

j
        

 
aqedan ki cxadia gamomdinareobs (1.71).                 

 vTqvaT )2/(1 3c , maSin marTebulia utolobebi: 

                                     ,4,1 344 ccc    

                                  

.,
1

2

1

1
2)1(2

3

5
5

1

c

c
c

c k
k

k
k










 






















 

 

am utolobebis gaTvaliswinebiT (1.71)-dan gamomdinareobs: 
 

                                      .)()1( 2

5141  cc k

k   

 
aqedan ki cxadia gamomdinareobs (1.56) Sefaseba. Sefaseba (1.57) gamomdinareobs (1.34)-dan 
(1.56)-is gaTvaliswinebiT.  
 SeniSvna 6. marTebulia Sefasebebi: 
 

                      ,~~
)exp(~ 2

0011

)2(

211  cWWWWctc kkk                       (1.72) 

       ,1,,2,1,)
~~

)(exp(),(~),(max 2

001111
),(

 


nkcWWWWctcyxyx kkk
yx

      (1.73)  

 

sadac 
)2(

2
 aris norma sobolevis )(2

2 W  sivrceSi, xolo  - )(2 L -Si. 

 (1.72) da (1.73) Sefasebebi miiReba (1.35) da (1.36) Sefasebebis analogiurad. 
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         თავი 2. პარაბოლური რეგულაცია ჩარნი-ობუხოვის განტოლებისათვის 
 

2.1 ამოცანის დასმა 

  
       uganzomilebo cvladebSi Carni-obuxovis arawrfivi gantoleba OX RerZis 
gaswvriv   siCqariT moZrav kordinatTa sistemaSi Caiwereba Semdegi saxiT: 
 

             ,0),(
)()(





















J

x
v

xt
             (2.1) 

sadac   da   dadebiTi mudmivebia, romlebic ganisazRvrebian garemos fizikuri 

maxasiaTeblebis saSualebiT. ),,( tyx -uwodeben denis funqcias. ),(  J  aris 

iakobiani 
 

                    .
)()(

),(
xyyx

J



















  

(2.1) gantolebis nacvlad Cven vixilavT Semdeg sistemas: 

 

               






































yW

x

W
v

x

W

yy

W

x
W

t

W




 0

                        
(2.3)

(2.2)
 

sadac 0  aris mcire parametri. 

SevniSnoT rom W  wevris gareSe (2.2),(2.3) sistema eqvivalenturia (2.1) gantolebis. 
aqedan gamomdinare, SeiZleba iTqvas (2.2),(2.3) sistema warmoadgens (2.1) gantolebis 

aproqsimacias (cxadia aproqsimaciis rigi aris )( ). 

 (2.2),(2.3) sistemas vxsniT    ;0)ty,,( Qx  cilindrul areSi sadac   

aris marTkuTxedi [;][;] 2211 aaaa  . sawyis pirobad 0t  momentSi viRebT 

ganmxoloebul talRas:   ),()0,,( 0 yxyx   .  rac Seexeba sasazRvro pirobebs, igi 

aRebuli iqneba sxvaobian sistemaze gadasvlis Semdeg. 
 

 
 
 
 
 
 
 

2.2 დროითი ბიჯის მიმართ პირველი რიგის სიზუსტის არაცხადი სქემა 
  

     aviRoT droiTi biji 
n

  ( 1n  naturaluri ricxvia) da movaxdinoT (2.2) 

gantolebis aproqsimacia ).,( ktyx  wertilSi, sadac ),...,2,1( nkktk    Semdegi 

naxevrad diskretuli sqemiT: 
 

         .0
111

























 
k

kkkkkkk

W
x

W
v

x

W

yy

W

xt

WW



                                  (2.4) 
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cxadia (2.4) sxvaobiani gantoleba axdens (2.2) gantolebis aproqsimacias ).,( ktyx  

wertilSi )(  rigis sizustiT. 

 davfaroT   are badiT. dayofaTa ricxvi x -iT da y -iT avRniSnoT 

Sesabamisad 
1 -iT da 2 -iT, xolo bijebi _ 

1h -iT da 2h -iT,  
2

2
2

1

1
1

2
,

2







a
h

a
h . 

 Tu (2.4) gantolebaSi pirveli da meore rigis warmoebulebs sivrculi 
cvladebis mimarT SevcvliT centraluri sxvaobebiT miviRebT Semdeg sxvaobian 
gantolebas: 
 

      

(2.5),0)
22

(

22222

2

2

1,,1,

2

1

,1,,1

1

,1,1

1

,1,1

2

1

1,

1

1,

2

1,1,

1

1

,1

1

,1

1

,,











































h

WWW

h

WWW

h

WW
v

h

WW

hh

WW

h

WW

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji







 

sadac  1,,1,1,,1 21   ji   ,  11 ihaxi   ,  22 jhay j    ,   ktk   

 cxadia (2.5) sxvaobiani gantoleba axdens (2.4) gantolebis aproqsimacias 

)( 2

2

2

1 hh    sizustiT ).,( kji tyx  wertilSi. 

 denis funqciis velis aRdgena xdeba grigalis velis mixedviT (2.3) 
gantolebis Sesabamisi Semdegi standartuli sxvaobiani gantolebidan: 
 

              ,
22

,,2

2

1,,1,

2

1

,1,,1

j

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji

k

ji
yW

hh








 
                         (2.6) 

                                      .1,,1,1,,1 21   ji  

 
(2.5) da (2.6) sxvaobiani gantolebaTa sistemisaTvis viRebT Semdeg sawyis da 
sasazRvro pirobebs: 

                                 ,),(),( 00

0

, jjijiji yyxyxW                       (2.7) 

                 0

,,

0

,0,0 11
, j

k

jj

k

j WWWW    ,      ,, 0

,,

0

0,0, 22   i

k

ii

k

i WWWW           (2.8) 

                       0

,,

0

,0,0 11
, j

k

jj

k

j    ,   0

,,

0

0,0, 22
,   i

k

ii

k

i                 (2.9) 

                                     ),(0

0

, jiji yx                                 (2.10) 

       
 amrigad (2.5)-(2.10) warmoadgens srul sistemas. bunebrivia baduri funqciebis 

mniSvnelobebi k

jiW ,  da k

ji ,  gamovacxadod Sesabamisad ),,( tyxW  da ),,( tyx  zusti 

amonaxsnebis miaxloebiT mniSvnelobad ).,( kji tyx  wertilSi. 

 (2.5) sxvaobian gantolebaTa sistemas vxsniT Semdegi iteraciuli procesis 
gamoyenebiT: 
 

         
,)(

2

1
))((

2

1

)()122(

1

,1,

1

1,

1
1

,2,1

1

,1

1
1

,1

1,

1

1,

1
2

2,1
2

1,
2

2

2

1,1
2

1


































k

jiji

m
k

ji

m
kk

jixji

m
k

ji

m
kk

jiy

ji

m
k

ji

m
k

ji

m
k

ji

m
k

ji

m
k

WWWWWv

WWWWW




(2.11) 
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sadac m aris iteraciis nomeri ),2,1( m  

                    
1

1
h


  ,   

2

2
h


  ,      

1

1

,1

1

,11

,
2h

k

ji

k

jik

jix













  ,     .
2 2

1

1,

1

1,1

,
h

k

ji

k

jik

jiy













  

 (2.11) gantolebaTa sistemas fiqsirebuli k  da j -saTvis vxsniT 

faqtorizaciis meTodiT. Tavidan marjvena mxareSi vsvamT 
0

kW -s da vpoulobT 
1

kW -s, 

Semdeg iteraciaze marjvena mxareSi vsvamT 
1

kW  da vpoulobT 
2

kW -s. process 

vagrZelebT manაmde, vidre or momdevno iteracias Soris sxvaobis moduli yvela 

kvanZiT wertilSi ar iqneba winaswar dasaxelebul 0 -ze naklebi. 

 analogiurad vxsniT (2.6) gantolebaTa sistemas, Semdegi iteraciis gamoyenebiT: 
 

            ),()( ,

2

11,1,

1
2

0,1,,1 j

k

jiji

m
k

ji

m
k

ji

m
k

ji

m
k

ji

m
k yWha   



                   (2.12)  

sadac m  aris iteraciis nomeri ( ,2,1m ), 
2

1
0

h

h
    ,   2

1

2

022 haa   

 gamovikvlioT (2.11) iteraciuli procesis krebadoba. zust amonaxsnsa da m -

ur iteracias Soris sxvaoba avRniSnoT ji

m
kk

jiji

m

ji

m

WW ,,,, ,   . 

 cxadia ji

m

,  akmayofilebs Semdeg sistemas: 

 

                 

.)(
2

1
))((

2

1

)()122(

1,1,
1

,2,1,1
1

,1

1,1,

1
2

2,1
2

1,
2

2

2

1,1
2

1

















ji

m

ji

m
k

jixji

m

ji

m
k

jiy

jiji

m

ji

m

ji

m

ji

m

ZZZZv

ZZZZZ




 

aqedan gamomdinareobs utoloba: 
 

  1

1

,21

1

,11

2

2

2

1,
2

2

2

1 22)122( 







  m

k

jixm

k

jiymmji

m

vZ        (2.13)  

sadac 
m

ls
ls

m ,
,

max      1,,1,0 Ns        2,,1,0 Nl   

radgan baduri funqcia 
m

ls,  sazRvarze nulis tolia, amitom (2.13)-dan 

gamomdinareobs utoloba: 
 

     ,22)122( 1

1

,21

1

,11

2

2

2

1

2

2

2

1 







  m

k

jixm

k

jiymmm v   

an rac igivea 
 

                                  ,1 mm q                                                                   (2.14) 

sadac  

                 ).(
21

1

21

2 1

,2

1

,12

2

2

2

2

2  





 k

jix

k

jiy vq 



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(2.14)-dan gamomodinareobs, rom iteraciuli procesi (2.8) krebadia Tu 
Sesrulebulia piroba: 

                      .1maxmax 1

,
,

2

1

,
,

1   k

jix
ji

k

jiy
ji

v                                                (2.15) 

 wina Sridan momdevno Sreze gadasvlis biji   SeirCeva (2.15) pirobidan, 
romelic warmoadgens (2.11) iteraciuli procesis krebadobis sakmaris pirobas. 
 

 SeniSvna. (2.11) da (2.12) iteraciebSi kW  da k  funqciebis sawyis miaxloebad 

viRebT Sesabamisi funqciebis mniSvnelobebs wina 1k  Sreze, rac mniSvnelovnad 

aCqarebs iteraciuli procesis krebadobas. 
 

 

2.3 ამონახსნის ერთადერთობა 
 

            simartivisaTvis   are aviRoT erTeulovani kvadrati, [1;0][1;0]  .  (2.3) 

sistemisaTvis vixilavT Semdeg sawyis-sasazRvro amocanas: 
 

                                       ),()0,,( 0 yxWyxW  ,                        (2.16)      

                      0),,( 


tyxW ,  0),,( 


tyx , .];0[ Tt                  (2.17) 

adgili aqvs Semdeg Teoremas. 

 Teorema. Tu (2.2), (2.3), (2.16), (2.17) amocanis amonaxsni )()(),( 0,31,2

TT QCQCW  , 

maSin is erTaderTia. 

damtkiceba.  davuSvaT (2.2), (2.3), (2.16), (2.17) amocanas aqvs ori amonaxsni ),( W  da 

)~,
~

( W , maSin veqtori ),( u  sadac WWu
~

 da  ~  daakmayofilebs Semdeg 

sistemas: 
 

                          




















.

,0)
~

,(),(

u

x

u
WJuJu

t

u




                 

)19.2(

)18.2(
 

(2.18) gantolebis miRebisTvis Cven gamoviyeneT Semdegi martivi formulebi: 
 

                             )
~

,(),()
~

,( WJWJWWJ    , 

                             )
~

,~()
~

,()
~

,~( WJWJWJ    . 

 

(2.18) gantolebis orive mxare gavamravloT u -ze da vaintegroT   areze, miviRebT: 
 

    .0
2

1
)

~
,(),(

2

1 22













dxdy
x

u
vdxdyuWJdxdyuuJdxdyuudxdy

t

u
    (2.20) 

sasazRvro pirobebis gaTvaliswinebiT, cxadia gvaqvs: 
 

                    0)),,0(),,1((

1

0

22

1

0

1

0

22

  











dytyutyudx
x

u
dydxdy

x

u
          (2.21)    

vaCvenoT, rom marTebulia toloba: 
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                                                                        0),( 


dxdyuuJ                                                (2.22) 

marTlac gvaqvs:  

     

.0
),,0(

),,0(
),,1(

),,1(
2

1

),0,(
),0,(

),1,(
),1,(

2

1
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

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
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
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
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
















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ty
tyu
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dx
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dxdy
y

u
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u
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u
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x
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

 

(2.20)-dan (2.21) da (2.22)-is gaTvaliswinebiT gamomdinareobs rom: 

            .0)
~

,(),(
2

1 2








dxdyuWJdxdyuuJdxdyuudxdy
t

u
            (2.23) 

cxadia gvaqvs: 

       .0

1

0

21

0

1

0

21
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dxdx

x

u
dyudy

y

u
dxudx

x

u
dydxdyuu   (2.24) 

(2.23)-dan (2.24)-is gaTvaliswinebiT gamomdinareobs rom: 
 

                           .0)
~

,(
2

1 2








dxdyuWJdxdy
t

u
  

cxadia aqedan gamomdinareobs utoloba: 

                                .0)
~

,(
2

1 2








dxdyuWJdxdy
t

u
                    (2.25) 

rogorc cnobilia, Tu (2.19) gantolebis orive mxares gavamravlebT  -ze da 

vaintegrebT   areze, amasTan gamoviyenebT nawilobiTi integrebis formulas da 

gaviTvaliswinebT rom   funqcia akmayofilebs erTgvarovan sasazRvro pirobebs, 

maSin miviRebT:  
 

                           
 


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
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

 2
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.           (2.26) 

Svarcis utolobisa da  -utolobis Tanaxmad gvaqvs: 
 

              .
1

2

1 222

2

2
1

2

2
1
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

























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 



dxdydxdyudxdydxdyudxdyu 


      (2.27) 

SevarCioT 0 , ise rom Sesruldes piroba: 

                                           0
2

1 2

0   , 

maSin (2.26)-dan (2.27)-is gaTvaliswinebiT miviRebT: 



20 

 

                         

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


,          (2.28)  

sadac 00  constc . 

Sevafasoთ (2.25) utolobis marjvena mxare, cxadia gvaqvs: 
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TQtyx ),,( . 

Svarcis utolobis Tanaxmad gvaqvs: 
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
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
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dxdyudxdy
y

dxdy
x

dxdyu
yx


.      (2.30) 

(3.14)-dan (3.15)-is gaTvaliswinebiT gamomdinareobs, rom 
 

                    
 





















































dxdyudxdy

y
dxdy

x
cdxdyuWJ 2

22

2

1

2

2)
~

,(


 .           (2.31) 

aq Cven gamoviyeneT trivialuri utoloba: )(2)( 222 baba  . 

(2.31)-dan (2.28)-is gaTvaliswinebiT gamomdinareobs: 
 

                               ,)
~

,( 2

2 


 dydxucdxdyuWJ                       (2.32)     

sadac  02  constc  

(2.25) da (2.32)-dan gamomdinareobs: 
 

                                .0,)(
)(

 constctcE
dt

tdE
                         (2.33) 

sadac  
 

                                   


 dydxtyxutE ),,()( 2
 . 

 rogorc cnobilia (2.33)-dan gamomdinareobs:  
 

                                )0()( EetE ct .                                 (2.34) 

 

radgan pirobis Tanaxmad 0)0( E , amitom cxadia (2.34)-dan miiReba: 

 

                      


 0),,()( 2 dydxtyxutE .      ,0t  
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 aqedan ki gamomdinareobs rom 0),,( tyxu  an rac igivea  ),,(
~

),,( tyxWtyxW  . am 

igiveobis gaTvaliswinebiT (2.28) utolobebidan Sesabamisad gamomdinareobs:    

0),,( tyx . 

amiT Teorema damtkicebulia. 
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თავი 3. წონიანი სხვაობიანი სქემა ჩარნი-ობუხოვის განზოგადებული განტოლებისათვის 

დისიპაციის გათვალისწინებით 

 

3.1 ამოცანის დასმა 

 
uganzomilebo cvladebSi Carni_obuxovis arawrfivi ganzogadebul  

gantolebas disipaciის gaTvaliswinebiT aqvs Semdegi saxe  
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


bb
x

aJb
x

b
t

a

             (3.1) 

sadac 1b , 2b , 3b , 4b , a   da   dadebiTi mudmivebia, romlebic ganisazRvrebian 

garemos fizikuri maxasiaTeblebis saSualebiT. ),,( tyx  aris denis funqcia, 
),( 2  aJ  - iakobiani.  

SemoviRoT Semdegi aRniSvna: 
 

                            Wa  2 .                                                  

cxadia marTebulia warmodgena: 
 

                                  _ Wa   ))(( 12
,                         (3.2)  

sadac           

                         
a

a

2

411
1


 ,          

a

a

2

411
2


 . 

         

vgulisxmobT, rom 041  a . 
 (3.1) gantoleba (3.2) warmodgenis gaTvaliswinebiT miiyvaneba Semdeg 

gantolebaTa sistemaze: 
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WJb
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b
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









           (3.3) 

sadac 

                          
a

b
b 3

5  ,     546 bbb  ,     5617 bbb   . 

 (3.3) sistemas vxsniT   TQtyx T ;0),,(   cilindrul areSi, sadac   aris 

marTkuTxedi   2211 ;; aaxaa  . sawyis pirobad 0t  momentSi viRebT: 

),()0,,( 0 yxyx   , sadac ),(0 yx  aris sakmarisad gluvi funqcia. rac Seexeba 

sasazRvro pirobebs, igi aRebuli iqneba sxvaobian gantolebaTa sistemaze 
gadasvlis Semdeg. amasTan vgulisxmobT, rom sasazRvro pirobebi SeTanxmebuli 
unda iyos sawyis pirobebTan. 
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3.2 წონიანი არაცხადი სქემა  

 

 movaxdinoT (3.3) sistemis pirveli gantolebis aproqsimacia ),,( ktyx  wertilSi 

Semdegi naxevrad diskretuli sqemiT: 
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     (3.4) 

 

sadac   parametri moTavsebulia  ]1,0[  SualedSi. 

 standartuli gziT advilad SegviZlia vaCvenoT, rom (2.1) sxvaobiani gantoleba 

axdens (3.3) sistemis pirveli gantolebis aproqsimacias ),,(
2

1
k

tyx  wertilSi 

))21(( 2  O  rigis sizustiT. Aamrigad 1 -s SemTxvevaSi miiReba aracxadi 

sqema (droiTi cvladis mixedviT gawrfivebuli yovel kt  Sreze)   mimarT pirveli 

rigis sizustis, xolo 2/1  SemTxvevaSi -   mimarT meore rigis sizustis. 

0 -s SemTxvevaSi, ki miiReba cxadi-aracxadi sqema (cxadi W -s mixedviT da 

aracxadi  -s mixedviT).  

 Tu (3.4) gantolebaSi pirveli da meore rigis warmoebulebs sivrculi cvladebis 
mimarT SevcvliT centraluri sxvaobebiT miviRebT Semdeg sxvaobian gantolebas: 
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sadac  1,...,1 1  Ni  , 1,...,1 2  Nj  , 11 ihaxi   , 22 jhay j   , ktk   da 
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 denis funqciis  -s  aRdgena xdeba W  ganzogadebuli  grigalis da Sualeduri 

V  grigalis mixedviT (1.3) sistemis meore da mesame gantolebebis Sesabamisi 
Semdegi standartuli sxvaobiani gantolebidan: 

                                  
k

ji

k

ji

k

jih W
a

VVL ,,2,

1
][   ,                         (3.6) 
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                  k

ji

k

ji

k

jih VL ,,1, ][    ,   1,...,1 1  Ni  ,  1,...,1 2  Nj  ,           (3.7) 

 

sadac 
hL  aris laplasianis Sesabamisi sxvaobiani operatori, 
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   .   

                          
 (3.5), (3.6) da (3.7) sxvaobiani gantolebaTa sistemisTvis viRebT Semdeg sawyis da 
sasazRvro pirobebs: 
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, jijijiji yxyxyxaW    ,  ,),(0
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, jiji yx             (3.8) 
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i   , 
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,, 22 Ni
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Ni    .                     (3.9)  

 
 amrigad (3.5)-(3.9) warmoadgens srul sistemas. bunebrivia baduri funqciebis 

mniSvnelobebi k

jiW ,  , k

jiV ,  da k

ji ,  gamovacxadoT Sesabamisad ),,( tyxW , ),,( tyxV   da 

),,( tyx  zusti amonaxsnebis miaxloebiT mniSvnelobebad  ),,( kji tyx  wertilSi. 

(3.5)-(3.7) sxvaobian gantolebaTa sistemas vxsniT Semdegi iteraciuli procesis 
gamoyenebiT: 
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                               ji

m
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m
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m
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h W
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VVL ,,2,

1
][   ,                      (3.11)  

             ji

m
k
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m
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m
k

h VL ,,1, ][    ,  1,...,1 1  Ni  ,  1,...,1 2  Nj  ,           (3.12)   

 

sadac m  aris iteraciis nomeri ( ,...2,1m ), F  aris (3.5) gantolebis marjvena 

mxare. 
 (3.11) sxvaobian gantolebaTa sistemas da mis analogiur (3.12) sistemas  vxsniT x  
cvladis mimarT faqtorizaciis meTodis, xolo y  cvladis mimarT iteraciis 

gamoyenebiT: 
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11,1,

1
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0,1,,1 )(  



  ,         (3.13)         

sadac m  aris iteraciis nomeri ( ,...2,1m ), 
2

1
0

h

h
  ,  2

1

2

022 ha    .   

SeniSvna. (3.10)-(3.12) iteraciaSi kW , kV  da k  funqciebis sawyis miaxloebad 

viRebT Sesabamisi funqciebis mniSvnelobebs wina 1k  Sreze, rac mniSvnelovnad 
aCqarebs iteraciuli procesebis krebadobas. 
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3.3 ამონახსნის ერთადერთობა 

 

  simartivisaTvis   are aviRoT erTeulovani kvadrati, [1;0][1;0]  .  (3.3) siste-

misaTvis vixilavT Semdeg sawyis-sasazRvro amocanas: 

                 ),()0,,( 0 yxWyxW  ,                                              (3.14) 

               ,),1,(),0,(,),,1(),,0( txWtxWtyWtyW                         (3.15) 

               ,),1,(),0,(,),,1(),,0( txVtxVtyVtyV         

                 ,,
1010  

















yyxx y

V

y

V

x

V

x

V
                           (3.16)  

                 ,),1,(),0,(,),,1(),,0( txtxtyty                            (3.17) 

                 ,,
1010  

















yyxx yyxx


.];0[ Tt                (3.18) 

  
adgili aqvs Semdeg Teoremas. 

Teorema. Tu (3.3), (3.14-18) amocanis amonaxsni )()()(),,( 0,50,31,2

TTT QCQCQCVW  , 

maSin is erTaderTia. 

damtkiceba. dauSvaT (3.3), (3.14-18) amocanas aqvs ori amonaxsni ),,( VW  da )~,
~

,
~

( VW , 

maSin veqtori ),,( u  sadac ,
~

WWu   VV
~

  da   ~  daakmayofilebs 

Semdeg sistemas: 
 

                   







































,

,
1

,0~)
~

,(),(

1

2

765221














u
a

bbub
xx

WJbuJb
x

b
t

u

      (3.19) 

(3.19) sistemis pirveli gantolebis miRebisTvis Cven gamoviyeneT Semdegi martivi 
formulebi: 
 

                               )
~

,(),()
~

,( WJWJWWJ    , 

                               )
~

,~()
~

,()
~

,~( WJWJWJ    . 

 (3.19) sistemis pirveli gantolebis orive mxare gavamravloT u -ze da vaintegroT 

  areze , miviRebT: 
       

               

.0~

)
~

,(),(
2

1

76

2

5

221

2












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














dxdyubdxdyubdxdyubdxdyu
x

dxdyu
x

udxdyWJbudxdyuJbdxdyu
x

bdxdy
t

u












         

vaCvenoT, rom marTebulia toloba: 
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                                      .0),(


udxdyuJ                  

marTlac gvaqvs: 
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u
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u
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u
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x

u
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u

x
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aq Cven gamoviyeneT pirobebi: 
 

                        ,
),,0(),,1(

,
),0,(),1,(

y

ty

y

ty

x

tx

x

tx

















 
 

romlebic gamomdinareobs (3.17) sasazRvro pirobebidan. 
 rogorc cnobilia, Tu (3.19) sistemis mesame gantolebis  orive mxares 

gavamravlebT  -ze da vaintegrebT   areze, amasTan gamoviyenebT nawilobiTi 

integrebis formulas da gaviTvaliswinebT rom   funqcia akmayofilebs 

periodul sasazRvro pirobebs, maSin miviRebT (ix. [R]): 

                       
 









































dxdydxdydxdy

yx


 2

2

22

.              (3.20) 

 analogiurad (3.6) sistemis meore gantolebidan miiReba: 
 

                         .
12

1

22

 
 




















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



















dxdyu

a
dxdydxdy

yx



          (3.21) 

Svarcis utolobisa da  -utolobis Tanaxmad gvaqvs: 
 

          .
1

2

1 222

2

2
1

2

2
1

2


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 



dxdydxdyudxdydxdyudxdyu 


         (3.22) 

SevarCioT 0 , ise rom Sesruldes piroba: 
 

                                       0
2

1 2

11   , 

maSin (3.21)-dan (3.22)-is gaTvaliswinebiT miviRebT: 
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
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,              (3.23) 

sadac 01  constc . 
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Aanalogiurad (3.21)-dan miiReba: 

                     ,2

2

2

2
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
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
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
             (3.24) 

sadac 
2  da 2c  dadebiTi konstantebia.  

 cxadia (3.24)-dan (3.23)-is gaTvaliswinebiT gamomdinareobs: 
 

                       ,2
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2
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
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            (3.25) 

 

sadac 00  constc .   

SevafasoT )
~

,( WJ   iakobianis Semcvleli wevri (3.18)-dan. cxadia marTebulia 

utoloba: 
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Svarcis utolobis Tanaxmad gvaqvs: 
 

      

2
1

2

2
1

22
1

2














































































































dxdyudxdy
y

dxdy
x

dxdyu
yx


.        (3.27) 

(3.26)-dan (3.27)-is gaTvaliswinebiT gamomdinareobs, rom 
 

               
 





















































dxdyudxdy

y
dxdy

x
cdxdyuWJ 2

22

2

1

2

2)
~

,(


 .        (3.28)  

aq Cven gamoviyeneT trivialuri utoloba: )(2)( 222 baba  . 

(3.28)-dan (3.25)-is gaTvaliswinebiT gamomdinareobs: 
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
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~

,( 4
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4 constcdxdyucdxdyuWJ                     (3.29)                    

 SevafasoT skalaruli arawrfivobis Sesabamisi wevrebi (3.18)-dan. Svarcis 
utolobis Tanaxmad gvaqvs: 
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sadac 
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                     ,max
),,(

5
x

c
tyx 


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
   ,~max

),,(
6 

tyx
c     .),,( TQtyx   

 cxadia (3.26)-dan gamomdinareobs: 

                                 m ,2

2

02




 dxdyu
c

dxdy


                          (3.31)  

                                 .2
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











dxdyucdxdy

x


                        (3.32)  

(3.30)-dan (3.31) da (3.32)-is gaTvaliswinebiT miiReba Semdegi Sefaseba: 

 

                           ,~ 2

7  
 










dxdyucdxdyu

x
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x






                (3.33) 

 sadac 07  constc .    

 (3.33)-is analogiurad miiReba Semdegi Sefaseba: 
 

                                          

2

8 ,dxdy c u dxdy
x



 




 
                                                       (3.34)         

cxadia (3.23) da (3.25) utolobebis gaTvaliswinebiT marTebulia Sefaseba: 
 

        .0, 9

2

966  


constcdxdyucdxdyubdxdyub                      (3.35) 

(3.18)-dan (3.29), (3.33), (3.34), (3.35) Sefasebebisa da (3.19) tolobis gaTvaliswinebiT 
gamomdinareobs: 
 

                              )(
)(

tcE
dt

tdE
  ,   0 constc ,                      (3.36)    

sadac  

                                      


 dxdyutE 2)(  . 

rogorc cnobilia (3.36)-dan gamomdinareobs:  
 

                                        )0()( EetE ct .                             (3.37) 

radgan pirobis Tanaxmad 0)0( E , amitom cxadia (3.37)-dan miiReba: 

 

                                    


 0)( 2dxdyutE . 

 aqedan ki gamomdinareobs rom 0),,( tyxu  an rac igivea  ),,(
~

),,( tyxWtyxW  . am 

igiveobis gaTvaliswinebiT (3.23) da (3.25)  utolobebidan Sesabamisad  gamomdi-

nareobs:  0),,( tyx  da 0),,( tyx . 

 amiT Teorema damtkicebulia. 
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3.4 ენერგიის განტოლება 
 

(3.1) gantolebis orive mxare gavamravloT   da vaintegroT   areze, miviRebT:   
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     (3.38)     

vTqvaT   are mTeli sibrtyea da   denis funqcia Tavis warmoebulebTan 

erTad qrobadia usasrulobaSi, maSin marTebulia Semdegi tolobebi:  
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sadac   

                                    .2   aW  
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(3.38)-dan (3.39-43) tolobebis gaTvaliswinebiT gamomdinareobs: 
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sadac 
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(3.44) tolobidan gamomdinareobs , rom 0
)(


dt

tdE
. amasTan radgan 

dt

tdE )(
 ar udris 

igiurad nuls (vgulisxmobT, rom denis funqcia   ar udris igiurad nuls) 

amitom cxadia adgili aqvs energiis klebas, rac aseve dasturdeba ricxviTi 
gaTvlebis Sedegad. 

 

 

 

 

 

 

 

 

 

გრაფიკული ვიზუალიზაცია 

 

sawyisi piroba:    
2222 )2()2(

0 2
2

1
, yxyx eeyx                     5;55;5  x  

1) 

a1 a2 a b1 b2 b3 b4 teta alfa T 

5 5 0.2 0.2 0.1 0.1 0.8 0.5 0.5 1 

 
2) 
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a1 a2 a b1 b2 b3 b4 teta alfa T 

5 5 0.2 0.2 0.1 0.1 0.8 0.5 0.5 5 

 
 

 

3) 

a1 a2 a b1 b2 b3 b4 teta alfa T 

5 5 0.2 0.2 0.1 0.1 0.8 0.5 0.5 5 
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თავი 4. არაცხადი სხვაობიანი სქემები ჩარნი-ობუხოვისა და ჰასაგევა-მიმას 

განტოლებებისათვის სკალარული არაწრფივობის გათვალისწინებით 

 
 
 

4.1    ამოცანის დასმა 
  uganzomilebo cvladebSi Carni-obuxovisa da hasageva-mimas arawrfivi 

gantole-bebs  RerZis gaswvriv   siCqariT moZrav kordinatTa sistemaSi 
Caiwereba Semdegi saxiT:  
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
           (4.1) 

sadac  ,,  da   dadebiTi mudmivebia, romlebic ganisazRvrebian garemos 

fizikuri maxasiaTeblebis saSualebiT. hasageva-mimas gantoleba ( -s win minus 

niSani) aRwers talRebis arawrfiv dinebebs. ),,( tyx  uwodeben SeSfoTebis 

potencials. Carni-obuxovis gantoleba ( -s win plius niSani) aRwers    arawrfiv 

rosbis talRas. ),,( tyx  uwodeben denis funqcias. ),(  J  aris iakobiani, 

 

( , ) .J
x y y x

   
 

   
  

   
 

SemovitanoT aRniSvna: 
 

.W y      

 
maSin (4.1) gantoleba am aRniSvnis Sedegad miiyvaneba Semdeg gantolebTa sistemaze: 
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



 0)1(),(

                      
(4.3)

(4.2)
 

 

(4.2)_(4.3) sistemas vxsniT  TQtyx T ;0),,(   cilindrul areSi, sadac   

aris marTkuTxedi  1 1 2 2; ;a a a a       . ( , )x y  sivrculi cvladebi icvlebian   

areSi, xolo cvladi t  icvleba intervalze  T;0 . sawyis pirobad 0t  momentSi 

viRebT: ),()0,,( 0 yxyx   , sadac ),(0 yx  aris sakmarisad gluvi funqcia. rac 

Seexeba sasazRvro pirobebs, igi aRebuli iqneba sxvaobian gantolebaTa sistemaze 
gadasvlis Semdeg. amasTan vgulisxmobT, rom sasazRvro pirobebi SeTanxmebuli 
unda iyos sawyis pirobasTan. 
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4.2 დროითი ბიჯის მიმართ პირველი რიგის სიზუსტის არაცხადი სქემა 
 

    SemovitanoT droiTi biji )1(  mm  da movaxdinoT (4.2) sistemis pirveli 

gantolebis aproqsimacia ),,( ktyx  wertilSi Semdegi naxevrad diskretuli sqemiT: 
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Cven vuSvebT rom ),,( tyxW  da ),,( tyx  aris sakmarisad gluvi funqciebi. 

(4.4) sxvaobiani gantoleba axdens (4.2) gantolebis aproqsimacias ),,( ktyx  

wertilSi )(O  rigis sizustiT. 

      are davfaroT badiT. dayofaTa ricxvi x -iT da y -iT avRniSnoT Sesabamisad  

1 (> 1) da 2 (> 1)-iT, xolo bijebi _ 
1h  da 2h -iT,  
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    Tu (4.4) gantolebaSi pirveli da meore rigis warmoebulebs sivrculi 
cvladebis mimarT SevcvliT centraluri sxvaobebiT miviRebT Semdeg sxvaobian 
gantolebas: 
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              (4.5) 

sadac  1,...,1 1  Ni  , 1,...,1 2  Nj  

    (4.5) gantolebis tolobis marcxena mxareSi mdgomi pirveli Sesakrebi gvaZlevs 

W  funqciis t -Ti warmoebulis aproqsimacias ),,( kji tyx  wertilSi  ( 11 ihaxi  , 

22 jhay j   , ktk  )  )(O  rigis sizustiT. Sesakrebis meore da mesame wevrebi 

(centraluri sxvaobebi W da   funqciebis) imave wertilSi gvaZlevs W da   

funqciebis x -Ti warmoebulis aproqsimacias, sadac aproqsimaciis rigi aris )( 2

1hO . 

damatebiT am (4.5) gantolebis arawrfivi wevrebisaTvis Cven gvaqvs: 
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    (4.5) sxvaobiani gantoleba aproqsimacias ukeTebs (4.2) gantolebas )( 2

2

2

1 hh    

sizustiT  ),,( kji tyx  wertilSi. 

   denis funqciis  -s  aRdgena xdeba W  ganzogadebuli  grigalis mixedviT (4.3) 

gantolebis Sesabamisi Semdegi standartuli sxvaobiani gantolebidan: 
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sadac  1,...,1 1  Ni  , 1,...,1 2  Nj  

(4.6) sxvaobiani gantoleba aproqsimacias ukeTebs (4.3) gantolebas )( 2

2

2

1 hh   

sizustiT ),,( kji tyx  wertilSi. 

   (4.5) da (4.6) sxvaobiani gantolebaTa sistemis amosxsnisaTvis viRebT Semdeg 
sawyis da sasazRvro pirobebs: 

             jjijiji yyxyxW   ),(),( 00

0

, ,                               (4.7) 
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                               ,),(0
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, jiji yx                       (4.9) 

),( 10,0 j

k

j ya  , ),( 10,1 j

k

jN ya   ,  ),( 200, axi

k

i  , ),( 20, 2
axi

k

Ni     (4.10)  

 

sadac  10,1,...,i N , 20,1,...,j N , 1,...,k m .    

    amrigad (4.5)-(4.7) warmoadgens srul sistemas. bunebrivia baduri funqciebis 

mniSvnelobebi k

jiW ,  da k

ji ,  gamovacxadoT Sesabamisad ),,( tyxW  da ),,( tyx  zusti 

amonaxsnebis miaxloebiT mniSvnelobebad  ),,( kji tyx  wertilSi. 

  (4.5)_(4.6) sxvaobian gantolebaTa sistemas vxsniT Semdegi iteraciuli procesis     

gamoyenebiT (simartivisaTvis indeqs k -s gamovtovebT k

jiW , da k

ji , -Si):    
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sadac n  aris iteraciis nomeri ( ,...2,1n ), 
0
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,1 1 2 2 ,, , ,k

i j i jh h W W        
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              (4.13) 

romelic warmoadgens iteraciuli procesis krebadobis sakmaris pirobas. 
davamtkicoT am winadadebis marTebuloba. pirvel rigSi SevafasoT or momdevno 
iteracias Soris sxvaoba. (4.11) dan gvaqvs: 
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                                           1,...,1 1  Ni  , ,1,...,1 2  Nj                    (4.14) 
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 Tu Cven (4.12)-Si saiteracio indeqs n -s SevcvliT 1n -iT da pirvel tolobas 
gamovaklebT meores, maSin miviRebT: 
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sadac 
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   (4.15)-dan vRebulobT: 
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              ji

n

ji

n

ji

n

ji

n

ji

n

ji

n

ji

n

WWha ,

1

,
2

11,1,

2

0,1,1,



 







  ,          (4.16) 

sadac 
 

1,...,1 1  Ni  ,  1,...,1 2  Nj ,  
2

1
0

h

h
 ,  .22 2

1

2

0 ha    

(4.15)-dan gamomdinareobs Semdegi utoloba: 
 

                             nnji

n

ha  2

1

2

0, 12                            (4.17) 

radgan 
ji

n

,  nulis tolia sazRvarze, amitom is miaRwevs maqsimalur mniSvnelobas 

badis Sida kvanZze. (4.16)-dan gamomdinareobs: 
 

                               ,12 2

1

2

0 nnn ha    

an 

                                   .
1

nn 


                                  (4.18) 

   (4.14)-dan (4.13)-isa da (4.17)-is gaTvaliswinebiT gamomdinareobs: 
 

                          ,,,

1

nji

n

ji

n

qWW 


       1,...,1 1  Ni  , ,1,...,1 2  Nj                (4.19) 

sadac q  gansazRvrulia (4.13) pirobidan. radgan ji

n

ji

n

WW ,,

1




 nulis tolia 

sazRvarze, amitom is maqsimums miaRwevs badis Sida kvanZze. (4.19)-dan 
gamomdinareobs: 
 

                                   ,1 nn q    

  
romlidanac (4.13) pirobis gaTvaliswinebiT gamomdinareobs (4.11)_(4.12)  iteraciuli 
procesis krebadoba geometriuli progresiis siCqariT. 
Cven vxsniT (4.6) sxvaobian gantolebaTa sistemas faqtorizaciis meTodiT x -

cvladis mimarT, xolo y  cvladis mimarT iteraciiT (simartivisaTvis indeqs k -s 

gamovtovebT k

ji , -Si): 

 

                    ),()( ,

2

11,1,

1
2

0,1,,1 j

k

jiji

n

ji

n

ji

n

ji

n

ji

n

yWha   



                                  (4.20) 

sadac 1,...,1 1  Ni  , 1,...,1 2  Nj , xolo n  aris iteraciis nomeri ( ,...2,1n ), 

2

1
0

h

h
 ,                .22 2

1

2

0 ha    

SeniSvna. (4.11) da (4.12) iteraciebSi kW  da k  funqciebis sawyis miaxloebad 

viRebT Sesabamisi funqciebis mniSvnelobebs wina 1k  Sreze, rac mniSvnelovnad 

aCqarebs iteraciuli procesis krebadobas. 
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გრაფიკული შედეგები 

sawyisi piroba:     )(

0

22

, yxeyx                    5;55;5  x  

1) 

a1 a2 alfa beta gama sigma V T 

5 5 1 1 1 0.5 0 1 

 
2) 

   

a1 a2 alfa beta gama sigma V T 

5 5 1 1 1 0.5 0 5 

 
3) 

a1 a2 alfa beta gama sigma V T 
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5 5 1 1 1 0.5 0 10 

 

 
testuri amocana:   )1()1(),,( 22 yxttyx                         1;11;1  x  

1) meTodis amoxsnis Sedegad miRebuli grafikuli Sedegi: 

a1 a2 alfa beta gama sigma V T 

1 1 1 1 1 0.5 0 1 

 
2)  testuri amocanis zusti grafikuli Sedegi: 
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